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USING FLOWS TO CONSTRUCT
HILBERT SPACE FACTORS OF FUNCTION SPACES(")

BY
JAMES KEESLING

Abstract. Let X and Y be metric spaces. Let G(X) be the group of homeo-
morphisms of X with the compact open topology. The main result of this paper is that
if X admits a nontrivial flow, then G(X) is homeomorphic to G(X) x I, where /; is
separable infinite-dimensional Hilbert space. The techniques are applied to other
function spaces with the same result. Two such spaces for which our techniques apply
are the space of imbeddings of X into Y, E(X, Y), and the space of light open
mappings of X into (or onto) Y, LO (X, Y). Some applications of these results are
given. The paper also uses flows to show that if X is the sin (1/x)-curve, then G(X)
is homeomorphic to I x N, where N is the integers.

Introduction. Throughout this paper let X be a metric space and G(X) the
group of homeomorphisms of X endowed with the compact open topology. It is
well known that under these circumstances G(X) may not be a topological group,
although in [4] Arens gives relatively mild conditions on X under which G(X)
is a topological group. At present there is an interest in G(X) for X a manifold
with boundary. Whittaker has studied the algebraic properties of G(X) for X
a compact manifold with boundary and shown that if G(X;) is algebraically
isomorphic to G(X,), then X; and X, are homeomorphic [30]. Cernavskii [9]
and [10], Edwards and Kirby [13], Geoghegan [15], and Mason [23] have studied
the topological properties of G(X) for X a manifold. For X a manifold which
is not necessarily connected or separable G(X) has the following topological
properties:

(1) G(X) is homeomorphic to G(X) x I, [15]. Actually this is shown for X any
locally compact simplicial complex as well in [15].

(2) If X is compact, then o-compact subsets of G(X) are negligible, that is, G(X)
is homeomorphic to G(X)— F where F is any s-compact subset of G(X) [23]. In
[15] this is shown to be true of G(X) for X any separable manifold or any separable
locally compact simplicial complex.
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(3) For a large class of manifolds, X including the compact ones with boundary
G(X) is locally contractible [9] and [10], [13], and [22]. It should be remarked that
if X is the plane R? less an infinite closed discrete set, then G(X) is not locally
contractible. Thus G(X) is not always locally contractible even if X is a connected
manifold without boundary. What one would like to show is that G(X) is a separ-
able Fréchet manifold whenever X is a compact manifold [3]. (By a separable Fréchet
manifold is meant a separable metric space which is locally homeomorphic to /,
where /, is a separable infinite-dimensional Hilbert space. These are called topo-
logical Banach manifolds in [3] and are required to be connected there.) There are
several proofs that G(X) is a separable Fréchet manifold when X is a 1-dimensional
manifold (the first proof was by Anderson [2]), but for higher dimensional mani-
folds the problem remains unsolved.

If X is the Hilbert cube, it is known that G(X) has the three properties enumerated
above also (see [28], [31], and [15]). Actually G(X) is contractible in this case [28]
and the conjecture is that it is homeomorphic to /;, [3]. It would be equivalent to
prove in this case that G(X) is a separable Fréchet manifold by [17]. Some topo-
logical properties of G(X) for other metric spaces have been studied by Brechner
[7] and [8] and Keesling [21].

The main result of this paper is that for a large class of metric spaces X, G(X)
is homeomorphic to G(X) x I,. Specifically if X admits a nontrivial flow (a flow is a
topological group action of the additive reals on X), then G(X) has /, as a topo-
logical factor. As pointed out in [15] a result in [1] then implies that e-compact
subsets of G(X) are negligible if G(X) is separable metric. Therefore if X is locally
compact separable metric and admits a nontrivial flow, then o-compact subsets of
G(X) are negligible. These results are proved in §3 of the paper. Actually our results
apply to other function spaces as well as G(X) as we point out in §4. We believe that
our techniques will have other applications as well. It is significant that our results
hold even though the function spaces involved may have very bad separation
properties. They may not even be normal, let alone metrizable. Also in the case of
G(X), the results hold even when G(X) is not a topological group.

Flows on spaces occur in very general circumstances and so we consider our
results a substantial improvement of the results in [15] and [23]. One can easily
show that all spaces admitting cone patches [15] and all manifolds [23] admit
nontrivial flows and thus the results in this paper are a proper generalization.
However, an important part of our proof is from Geoghegan’s extension of Morse’s
results [15]. These results are summarized for our purposes in §2 of this paper.
Besides other spaces the results here apply to the homeomorphism group of the
hyperspace of a space admitting a flow. Using flows we also construct homeo-
morphisms of the hyperspace which are the identity on the singleton sets.

In §6 of the paper we use flows to show that the group of homeomorphisms of
the familiar sin (1/x)-curve is homeomorphic to /; x N where N is the integers. There
are other related results in this section as well.
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Notation. As has already been indicated /, denotes separable infinite-
dimensional Hilbert space as a topological space. If Z and Q are topological spaces,
then Z~ Q will mean that Z is homeomorphic to Q.

It would be helpful if the reader had some previous knowledge of function spaces
and the compact open topology. If X and Y are metric spaces, we denote the con-
tinuous functions from X to Y by C(X, Y) and we give this set the compact open
topology. If K is compact in X and V' is open in Y, then

K V)={feCX,7Y):fIK]< V}

The compact open topology has as a subbasis all sets of the form (X, V). If F(X, Y)
is a subspace of C(X, Y), then (K, V) will denote (K, V) N F(X, Y). Context will
make clear what is intended by (K, V') and this convention will reduce our notation
considerably. A useful reference which deals with the compact open topology is
Chapter 12 of [12]. We also want to observe here that we will be assuming that
both X and Y are metric spaces and thus k-spaces [12, 9.3, p. 248]. Thus we will
have available all of the special theorems on function spaces where the spaces
involved are k-spaces in Chapter 12 of [12]. For instance we have the theorem
C(X,C(Y,Z)~C(Xx Y,Z) provided Xx Y is a k-space [12, Theorem 5.3, p.
265]. The reader should observe the caveat that if X x Y is not a k-space, then
C(X, C(Y, Z)) may not be homeomorphic to C(X x Y, Z).

1. The dimension of G(X). Recall that we are assuming that X is a metric space
throughout the paper. In [21] it is shown that if G(X) is locally compact, then
dim G(X)=0. In [7] it is shown that there is a compact metric space X with the
property that dim G(X)=1. In [8] it is shown that if X admits a nontrivial flow
then dim G(X)=oco. This result is also a corollary to Theorem III.2 of this paper.
Using a theorem of Gleason we are able to improve this result.

I.1. :I‘HEOREM If X is compact or locally compact and locally connected and G(X)
contains an arc, then dim G(X)=co0.

Proof. Suppose that A4 is an arcin G(X). By the results in [4] G(X) is a topological
group. We may suppose that e € 4 where e is the identity homeomorphism of X.
Let B=J®-., (4 U A~Y)". Then B is a subgroup of G(X) and B is arcwise con-
nected. We have two cases.

Case (i). dim B=oo.

In this case we note that B is o-compact and thus Lindel6f. Since G(X) is regular,
so is B and thus B is normal. Let k be a positive integer. By [27, Theorem VIL.2,
p. 193], there is a compact set K in B with dim K= k. But then dim G(X) 2k also.
Therefore dim G(X)=o0 in this case.

Case (ii). dim B<co.

In this case let B* be the locally arcwise connected group associated with B
[16, Definition 3.3]. By Corollary 7.3 of [16] B* is a Lie group and thus contains a
nontrivial one parameter subgroup. This implies that B contains a nontrivial one
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parameter subgroup as well [16, Theorem 3.2(5)]. Since X is a k-space, this implies
that X admits a nontrivial flow [12, Corollary 3.2, p. 261]. Now apply the results
of [8] or Theorem III.2 of this paper to say that dim G(X)=o0. The proof of the
theorem is now complete.

1.2. REMARK. If G is any topological group which contains an arc we have essen-
tially shown that either dim G = co or G contains a nontrivial one parameter subgroup.

1.3. EXaAMPLE. Let &Z be the Lebesgue measurable subsets of [0, 1] and let
Lebesgue measure be denoted by A. Let A~ be the sets of Lebesgue measure zero.
The operation of symmetric difference on #, A /\ B=(4— B) U (B— A), is a group
operation and 4" is a subgroup of #. Let S(A)=%/A4". Define the metric d on
S(A) by d({4}, {B})=MA /\ B) for A, Be #. Then S(A) is a topological group in
this topology. The mapping C: [0, 1]x S(X) — S(A) defined by C(t,{4})={t4}
={{ta : a € A}} can be easily seen to be a contraction of S(A) to a point. Thus S(A)
contains many arcs, but no one parameter subgroups since every element of S(2)
has order two. One can easily verify that S(A) is infinite dimensional as Remark 1.2
implies. Bessaga and Pelczynski have recently shown that S(A) is actually homeo-
morphic to /, [6].

2. Parameterizing curves. In this section we give a summary of the results from
Morse [25] and their extension in [15] which will be needed in the next section. No
proofs are given since we are simply restating results in §1 of [15] to have them in
convenient form for reference. One should consult §1 of [15] for Geoghegan’s
proofs of these results.

II.1. DerFINITION. Let I be the unit interval [0, 1] and let C(Z, X) be the con-
tinuous functions from 7 into X. Then let
C'(I, X) = {fe C(I, X) : fis not constant},
D(I, X) = {fe C(, X) : fis not constant on any interval},
E(I, X) = {fe C(I, X) : fis an imbedding},
My(I) = {fe C(I,I) : fis monotone increasing and onto},
Hy(I) = {fe M) : fis a homeomorphism}.
We endow these sets of functions with the compact open topology, which in this
case is the same as that induced by the metric d(f, g)=sup {d(f(x), g(x)) : x e I}.
I1.2. DEFINITION. Let n=2 be an integer and let
A ={(ty,..., 1) : 0=, £---=¢, =1}

Let fe C(I, X) and define 8(f, t4, . .., t,)=min {d(f(t,), f(t;41)) : 1 Si<n—1}. Let
w()=sup {8(f, t1, ..., t,) : (t1, ..., 1) € A,}. Then let

«©

p(f) = > 22"u(f).

n=2

IA

It is shown in [15] and [25] that u is continuous from C(/, X) into [0, o0). Now
let k,: I — I be defined by k,(s)=ts for 0=t=<1. Let fe C(I, X) and define f;
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=fo k.. Then u(f;) ranges between 0 and u(f). If 0 =5 = u(f), then there is a t, such
that u(f,,)=s. If f,: I — X is defined by f,(s/u(f))=1(t,) for 0=s=<u(f), then f, is
well defined and continuous for all fe C'(1, X). Also f,(u(f)/pn(f))=f(t). For the
constant functions in C(I, X) let f,=f.

I1.3. PropPosITION. Let 4: C(I, X) — C(I, X) be defined by (f)=f,. Then
is a continuous retraction and the image of C'(I, X') under i is contained in D(I, X).
Furthermore, the image of E(I, X) is contained in E(I, X). If fe C(I, X), then u(f)
has the same range as f does.

We denote the image of E(I, X) under ¢ as E,(I, X) and the image of D(I, X)
as D,(I, X).

11.4. DerINITION. Now letr: C'(I, X) — My(I) be defined by r(f)(t)=p(f)/pn(f)-
Then J(f) o r(f)=f as pointed out above.

11.5. PROPOSITION. The map r: C'(I, X) — M(I) is continuous. For f < D(I, X),
r(f) e Hy(I). The map G: C'(I, X)— D, (I, X) x M(I) defined by G(f)=(b(f), r(f))
is @ homeomorphism of C'(I, X) onto D (I, X) x M(I). Also G restricted to E(I, X)
maps onto E,(I, X)x Hy(I) and G restricted to D(I, X)) maps onto D, (I, X) x Hy(I).

The continuity of G in Proposition II.5 is proved in Theorem 1.17 of [15]. We
will need Propositions I1.3 and IL.S in the sequel.

3. Factors of G(X). In this section we show that any metric space which
admits a nontrivial flow has the property that G(X)~G(X)x /. Certain other
function spaces also have this property. These further results are stated and their
proofs indicated at the end of this section and in the next section. We prove
Theorem II1.2 in detail. We scurry over the details in the proofs of the other related
theorems since they are similar to the details in the proof of Theorem IIL.2.

An essential part of the proof of Theorem III.2 depends on the fact that Hy(/)
~I,. There are at least two proofs of this theorem which are currently circulating.
There is a manuscript of R. D. Anderson [2] containing one proof discovered by
him using results in [1]. The following proof was communicated to me by James
West who heard it from R. Connelly who heard it from Morton Brown.

III.1. THEOREM. Ho(I)~1,.

Proof. We will only sketch the proof. The details are routine to verify. We will
show that Hy(I) is homeomorphic to [ [0 [ [22; (0, 1),,. It will then follow that
Hy(I) is homeomorphic to /, by [3]. Let (x,,) € [ [2=0 [ 1221 (0, 1), ;. We will define
an orientation preserving homeomorphism 4 of I associated with (x, ;). Suppose
that n is given and that we have defined points 4,={0=cef<e}<--- <ajn=1} and
B,={0=B3<pi< --- <Bin=1} and defined A such that A(o})=F} for i=0, 1, ..., 2"
We extend the definition of 4 to a set of points A4, ,,> 4, onto B, ;> B, with each
of A,,; and B, ., having 2"** +1 points. If n is odd, then let z; be the midpoint of
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the interval [«f_,, of] for i=1,2,...,2" and let y,=h(z;)=x, (Br—Br_1)+Br-1.
If n is even, then let y; be the midpoint of the interval [B}_,, B7] and let z;=h~1(y))
=X, (of —of_1)+ef_;. Then let A, ., =4, Y {z}Z, and B, =B, U {y}i .. Then
wewillhave 4,,; ={0=0f*'<--- <afty=1}and B,,; ={0=8%*'< - - - <B2}Y =1}
with h(ef*1)=B7*1. Proceeding in this way and letting 4=\J7., 4, and B
=|JZ., B,, A and B will be dense in I and hA[A]= B will be order preserving. Thus
h will have a continuous extension to an orientation preserving homeomorphism
of I onto itself which will be denoted by 4 also. If we let F: T[>0 [T, (0, 1),
— Hy(I) be defined by F((x,;)=h, then F is the desired homeomorphism of

].—.[r?=0 12:1 (O, l)n,i onto HO(I)
II1.2. THEOREM. Suppose that X admits a nontrivial flow. Then G(X)~ G(X) x [,.

Proof. Let F: Rx X — X be a nontrivial flow on X and let x, have a non-
degenerate orbit under F. Let ¢, be a positive real number such that F(¢,, x,) # xo.
Let U, and U, be disjoint open subsets of X such that x, € U, and F(¢,, x,) € U,.
Then let V< U, be an open neighborhood of x, such that forall y € V, F(t,, y) € U,.
Now if y € V, then if 4, is the orbit of y under F and B, is the arc component of
A, NV, then B, is clearly homeomorphic to R and B, is an arc in X. By Beck’s
result in [5] as restated in Theorem 2 of [21], there is a flow F’ on X whose set of
fixed points is X — V and whose orbits are the sets {B, : ye V} U {{x} : xe X—V}.
On p. 270 of [29] Whitney gives an elegant proof of the existence of a local cross-
section for the flow F’ at the point x,. Call this local cross-section N. Then N has
the property that (1) N is closed; (2) there is a neighborhood O of x, such that
every orbit of F’ meeting O also meets N; and (3) N has at most one point from
each orbit of F’. We will have no further use for the original flow F, so let us denote
F' by F.

Claim 1. The set F[[—1, 1]x N] is closed in X and homeomorphic to [—1, 1]
x N under the mapping F.

Proof of Claim 1. Suppose that F(t;, x;) — zwith x; e Nand t; e [—1, 1] for all i.
Then there is a subsequence {#, } converging to ¢, for some ¢, € [— 1, 1]. Resubscript
and call this subsequence {t}. Then F(t;, x;) — z still. Since F is a flow,
F(t;—ty, x;) = F(—1ty,z). But this implies that x;— F(—1,,2z). Therefore
F(—ty, z) € Nsinceeach x; € N. Butthen z=F(t,, F(—ty, z))and z € F[[—1, 1] X N]
and we have shown that F[[—1, 1]x N] is closed in X. Now to show that the
restriction of Fto [—1, 1]x N is an imbedding. Clearly F|[—1, 1] x N is one-to-one
and continuous. Now suppose that z;=F(t;, x;) — zo=F(t, x) and suppose that
(4, x;)) 4> (¢, x)in [—1, 1] x N. There are two cases. First of all, suppose that x; — x
in N. Then ¢, 4> t. By taking a subsequence of {t;} and resubscripting we may sup-
pose that t; — p#tin [—1, 1]. Then F(¢, x;) — F(p, x). However, F(p, x)# F(t, x)
since F|[—1, 1]1x N is one-to-one. But now we have a sequence converging to two
distinct points in X, a contradiction. In the second case suppose that x; + x. Then
there is a subsequence of {x;} such that no subsequence of it converges to x. Call
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that subsequence {x;} by resubscripting. We may suppose that t; —p for some
pe[—1,1] by resubscripting if necessary. Now F(t;, x;) — F(t, x) still. Since
t,—p we then have also that F(t;—p, x;) - F(t—p, x). Of course, t;(—p —0
and thus x; — F(t—p, x) which places F(t—p, x) in N. Therefore F(t;, x;)
— F(p, F(t—p, x))=F(t, x). Since F[—1,1}xN is one-to-one, p=¢ and x
=F(t—p, x). ‘But this implies that x; — x, a contradiction. We have now shown
that if F(z;, x;) — F(t, x), then (#;, x;) — (¢, x) and Claim 1 is now proved.

We now return to the proof of Theorem III.2. Let Q< N be the set of points in
N which are interior to F[[—1, 1]x N]in X. Then at least the point x, is in Q. Now
let f: N — [0, 1] be a continuous function having the property that f(x,)=1 and
SH0)=N-Q. Now let Z={(t, x) e [— 1, 1]x N : |t| S f(x)}.

Claim 2. The set F[Z]isclosed in X, inty F[Z]={F(t, x) : x € Q and |¢| <f(x)},
and inty F[[—1, 1]x N]={F(t,x) : |[t|<1 and x € Q}.

Proof of Claim 2. Since F[[—1,1]xN] is closed in X and Z is closed in
[-1,1]1x N and F|[—1, 1]x N is an imbedding we immediately have that F[Z] is
closed in X. If we can show that inty F[[—1, 1]x N] is the set in the claim, then
inty F[Z] can easily be seen to be the set claimed by using the fact that F|[—1, 1]
x N is an imbedding. So we will consider the claim proved when we have shown
that inty F[[—1, 1]x N]is the set claimed. Let z=F(¢, x) e inty F[[—1, 1]x N]. If
t=1, then let & — 0 with ¢;>0 for all i. Then z;=F(t+¢;, x) converges to z and
z;¢ F[[—1, 1]x N] for all i. Therefore z ¢ inty F[[—1, 1]x N], a contradiction.
Therefore ¢+ 1. Similarly 7# — 1 and thus |¢| < 1. Now suppose that x ¢ Q. Then
there is a sequence x;—>x with x;¢ F[[—1,1]xN] for all i. But then
F(t, x,) - F(t, x)=z. Since zeinty F[[—1, 1]x N], this sequence is finally in
F[[—1,1]1x N]. Thus F(¢, x;)=F(t;, y;) with (¢, ;) e [—1, 1]x N for all i=K for
some integer K. Since F|[—1, 1]x N is an imbedding we must have that (1, y;)
— (t, x) and thus #,—¢— 0. But F(t;—1, y;)=x;. Let [t,—¢|<1. Then for that i,
x;€ F[[—1, 1]x N], a contradiction. Therefore x € Q and we have shown that
intgy F[[—1, 11x N]={F(1, x) : |t| <1, x € Q}. Now suppose that z=F(t, x) with
|t] <1 and x € Q and suppose that z; — z with z; ¢ F[[—1, 1]x N] for all i. Then
F(—t,z)— F(—t,z)=x. Since xe€ Q, F(—t,z) is finally in F[[—1,1]xN].
Therefore F(—t, z;)=F(t, x;) with (¢, x;)€[—1, 1]x N for some residual sub-
sequence of {F(—t, z;)}. Again using the fact that F|[—1, 1]x N is an imbedding
we have that (¢, x;) — (0, x). Thus 7, — 0. But then let K be such that for i= K,
|t+ 1| <1. Then for i = K we have z;=F(¢+1, x;) and z; € F[[—1, 1] x N], a contra-
diction. That is, zeinty F[[—1,1]xN], and we have now shown that
inty F[[—1, 11x N]1={F(t, x) : |t| <1 and x € @} and Claim 2 is now proved.

Returning to the proof of Theorem III.2 we now want to describe a way of
factoring the group of homeomorphisms of X. We want to show that G(X) is
homeomorphic to G.(X)x FH(X) where G..,(X) and FH(X) will be defined
shortly. We will then show that FH(X) is homeomorphic to FH(X) xl,. We will
then obviously have proved that G(X)~ G(X) x /.
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Now let
FH(X) = {he G(X) : h|X—intx F[Z] is the identity and
RIFI[—f(x), fOO1x{x}]] = FI[=f(x), f(x)]x{x}] for all x € N}.

If he FH(X), then h will be called a fiber homeomorphism. For x e Q< N the arc
F[[—f(x), f(x)] x{x}] will be called the fiber through x. Let xe Q<N and let
g::[0,1]—[—e,¢] be a linear map with g, (0)=—¢ and g, (1)=e. Then let
gx:[0,1]—[—1, 1] x N be defined by g.(1)=(g;(?), x). Then the image of [0, 1]
under the map Fo g, is just the fiber through x in X. Now we can define G,,(X)
={heG(X) : forallxe Q,ho Fog,=4(ho Fog,)} where ¢ is defined in §2 of the
paper. This could also have been expressed as ho Fog,=(ho Fog,), as in [15]
and [25].

Claim 3. G(X)~ Gean(X) x FH(X).

Proof of Claim 3. Let 4 e G(X). We will define mappings J: G(X) — Gean(X)
and K: G(X) — FH(X) such that h=J(h) o K(h). We will show that J and K are
continuous. We will then show that if P: G(X) — Ggan(X) x FH(X) is defined by
P(h)=(J(h), K(h)), then P is a homeomorphism.

We now define J: G(X) = Gean(X). Let he G(X) and let J(h)(x)=h(x) for
x € X—inty F[Z]. For x e Q let J(h) be defined on the fiber through x so that
J(h) o Fog,.=¢(ho Fog,). At this point it should be clear that: (1) J(h) is a well-
defined function from X onto X which is one-to-one; (2) J(J(h))=J(h) since ¢ is a
retraction (Proposition I1.3); and (3) if J(h) is a homeomorphism of X, then
J(h) € G.an(X) since 4 is a retraction. Thus we will only have to show that J(h)
is a homeomorphism of X and that J is continuous. Now to show that J(h) is a
homeomorphism it will only be necessary to show that J(h)| F[Z] is an imbedding
since J(h) agrees with A on X—inty F[Z] and J(h)[F[Z]] is closed in X. We will
show that J(h)o F: Z— X is an imbedding. It will then readily follow that
J(h)|F[Z] is an imbedding also. Now suppose that (#;, x;) - (t, x) in Z<[—1, 1]
xN. If xeN—Q, then t,—0 and clearly J(h)o F(t;, x;) —> J(h) o F(¢, x)
=ho F(t, x). Now if x € Q, then we may suppose that x; € Q for all i since Q is
open in N. But then (U2 [—f(x:), f(x)] x{x:}) U [—f(x), f(x)] x{x} is homeo-
morphic to [0, 1] x ({x;}i21 U {x}). But then J(h) o F is continuous on this set by the
continuity of i in Proposition II.3 and Theorem 3.1, p. 261 of [12]. Thus we have
that J(h) o F(t;, x;) — J(h) o F(t, x). Therefore J(h) o F: Z — X is continuous. Now
suppose that J(h) o F(t;, x;) — J(h) o F(t, x). Then clearly x; — x. Nowif xe N— Q,
then #, — 0 and r=0. Thus ¢, — ¢ in this case. If x € Q, then we may suppose that
x; € Q for all i. Now J(h) o F restricted to

(U 1000, e x ) © 1A, fC )

is an imbedding since this set is compact and J(h) o Fis continuous and one-to-one.
Therefore (¢, x;) — (¢, x) in this case also. Therefore J(h) o F|Z is an imbedding and
J(h) is a homeomorphism as asserted.
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We will now show that J is continuous from G(X) to G..,(X). Let h e G(X) and
J(h) € (K, V) where K is compact in X and V is open in X. This notation was
discussed in the Notation Section. Let K'={F(¢, x) : |¢| <f(x) with x € N where
F(g, x) € K for some |g| £f(x)} U K. Now suppose that for all >0, there is an A,
such that d(h.(x), h(x))<e for all x e K’ and J(h,) ¢ (K, V). Then we can construct
a sequence x; — x in K and 4; € G(X) such that h; converges uniformly on K’ to A
and such that J(h,)(x;) ¢ V for all i. Now if x;, ¢ inty F[Z] for some subsequence of
{x;}, then x; — x and since J(h)=h; and J(h)=h on X—inty F[Z], we would
have J(h)(x;,) =h;(x;,) — h(x)=J(h)(x) since h; converges to h uniformly on K'.
But then J(h;,)(x;) would have to be finally in V, a contradiction. Therefore
{x;} has to be finally in inty F[Z]. Now suppose that xe N— Q. Then let x;
=F(t;, y;) where (t;, y;) e Z<[—1, 1] x N. Then y; — x and if we let G; be the fiber
through y; in X, then G; — x. Since h; converges uniformly to 4 on K’ we have
that h,[G;] — h(x). However, h[G;]=J(h)[G;] and J(h)(x;) € J(h)[G;]. Thus
J(h)(x;) — h(x)=J(h)(x), contradicting the fact that J(h;) ¢ V for all i. Therefore
we are left with the alternative that x=F(q, y) for some (¢, y) € Z with y € Q. Then
let x;=F(t, y;) with (4, ;) € Z. Then (t;, y;) - (g, y). Now h; o Fo g, converges
uniformly to 4 o F » g, by the continuity of composition (Theorem 2.2, p. 259, [12])
and by the continuity of 4 we have that (h; o Fog,) converges uniformly to
Y(ho Fog,). But this implies that J(h;) o Fo g, (t;, y;) — J(h) o Fo g,(q, ). This
contradicts the fact that J(h;)(x;) ¢ V for all i. Therefore we have finally shown that
there is an ¢>0 such that if d(h(x), g(x))<e for all xe K’ with ge G(X), then
J(g)e(K, V). This implies that J is continuous since (K, V) was an arbitrary
subbasic element.

We now define K: G(X) — FH(X). Let h e G(X). Then let K(h)| X —inty F[Z]
be the identity and for x € Q let K(h) take the fiber through x onto itself such that
gzleoF loK(h)oFog,:[0,11—1[0,1] is just r(ho Fog,). Then by II.4 and
I1.5 we easily have J(h) o K(h)=h. This implies that K(h)=J(h)~* o h and therefore
K(h) is a homeomorphism. It should also be clear that K(h) is also a fiber-homeo-
morphism. To show that K is continuous from G(X) to FH(X) involves an argu-
ment similar to showing that J is continuous except one uses the continuity of  in
Proposition I1.5 instead of that of . We will omit the details of this. Now consider
the map T: Gan(X) x FH(X) — G(X) defined by T'(h, g)=h o g. We claim that T
is continuous. Suppose that T'(h, g) € (K, V) in G(X). Let K’'={F(1, x) : |t| £f(x)
and x € N with F(q, x) € K for some (g, x) € Z} U K. Now consider the space of all
continuous functions from K’ to K’, C(K’, K’). The set

FH(X)|K' = {g|K’ : g € FH(X)}

is a subset of C(K’, K’). Consider the space of all continuous functions from K’
to X, C(K’, X). Then composition is continuous from C(K’, X)x C(K’, K')
— C(K’, X) by [12, Theorem 2.2, p. 259]. Let {K;}?- and {L,}¥_, be collections of
compact subsets of K" and {V;}}.; and {U;}{., be collections of open sets in X such
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that (1) g|K'e N1 (K, VinK'); (2) hlK e N1 (L, Uy); and (3) if p
eMNr, (K, Vin K’) and ge -, (Li, U)), then gope (K, V) for pe C(K’, K')
and g € C(K’, X). Then we have that g e Ni-, (K;, V), h e N¥-1 (L, Uy), and for
peFH(X) and g€ Gen(X) with pe (N1 (K, Vi) and ge M-y (L, U), gop
€ (K, V). This implies that T is continuous.

Now to show that T is one-to-one. If T(h, g)=q, then using Proposition I1.3
and Proposition II.5 we get that J(g)=h and K(g)=g. If we define
P: G(X) = Gon(X) x FH(X) by P(h)=(J(h), K(h)), then P is a homeomorphism
and Claim 3 is now proved.

Claim 4. FH(X)~FH(X)x .

Proof of Claim 4. The set of fiber homeomorphisms of X, FH(X), is homeo-
morphic as a function space to the space FH(Z) defined by h € FH(Z) if and only
if he G(Z) and, for each x € N, h restricted to the arc [— f(x), S()]x{x} is an
orientation preserving homeomorphism of [—f(x), f(x)] x {x} onto itself. Now let
xo € O be fixed. Recall the definition of g,: [0, 1] — [—f(x), f(x)] x{x} for x € N.
Now for h € FH(Z) let K(h) be defined by

grloK(h)og, = (g ohog)(ge)ohogy)™?

for all x € Q. Let K(h)(x)=x for x e N— Q. Then one can easily verify that K(h)
€ FH(Z) and that K is continuous from FH(Z) into FH(Z). Now let J(h) be such
that gz oJ(h) o g.=8x} o ho gy, forall x € Q and J(h)(x)=x for x € N— Q. Then
J is continuous with J(h) € FH(Z) also. Now the image of J in FH(Z) is homeo-
morphic to Hy(I) by the map L which takes h € Hy(I) to the map L(h) defined by
gzloL(h)og.=h for all xe Q and L(h)(x)=x for xe N— Q. Let FHy(Z) be the
image of Hy(I) under L which is just the image of FH(Z) under K. Let FH{(Z) be
the image of FH(Z) under J. Then the map P: FH(Z)— FH,(Z)x FH\(Z)
defined by P(h)=(J(h), K(h)) is a homeomorphism. The inverse of P is just com-
position. But FHy(Z)~ Hy(I) and thus FHy(Z)~ I, by Theorem III.1. Therefore
FH(Z)xly~FH(Z). Thus FH(X) x lI;~ FH(X) and Claim 4 is proved.

This last claim now completes the proof of Theorem III.2 which now follows
from Claim 3 and Claim 4.

I11.3. COROLLARY. Suppose that X is separable and locally compact and admits a
nontrivial flow. Then o-compact subsets of G(X) are negligible.

Proof. If X is locally compact, then G(X) is separable metric by [12, Theorem
5.2, p. 265]. By Theorem II1.2, G(X)~ G(X) x l,. By a theorem of Anderson in [1],
this implies that o-compact subsets of G(X) are negligible.

II1.4'. ReMARK. This is a typical corollary to many of the theorems to follow.
Once we have shown a certain function space F(X, Y)=C(X, Y) to have the
property that F(X, Y)~F(X, Y)x/,, then if F(X, Y) is separable metric, then
o-compact subsets of F(X, Y) are negligible. It is well known that separability and
second countability are equivalent in metric spaces. Thus by [12, Theorem 5.2,
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p. 265] (together with [12, 13(b), p. 258] and Urysohn’s metrization theorem
[12, p. 195]), F(X, Y) will be separable metric whenever X is separable metric and
locally compact and Y is separable metric. We will not restate this corollary after
many of the theorems, but the reader should be aware of this application.

IT1.4". REMARK. As pointed out by the referee of this paper the proof of Corollary
IIL.3 simply required that G(X) be separable metric which is often the case even
when X is not separable and s-compact. However, as he points out, a more general
corollary is possible using Cutler’s results in [11]. Cutler has shown that for all
complete metric spaces Y, o-compact subsets of Y x/, are negligible (Lemma 1
and Theorem 1 of [11]). Thus if G(X) is a complete metric space and X admits a
flow, then o-compact subsets of G(X) x I, are negligible. This remark has an applica-
tion to many of the other theorems of this paper in the same way as the previous
remark.

III.5. REMARK. It is worth noting that even if X is metric and admits a flow,
a-compact subsets of G(X) may not be negligible. For example if one lets X be the
free topological union of uncountably many unit intervals {I, : « € 4}. In this case
G(X) is a topological group and the identity component of G(X) is homeomorphic
t0 [ Toea lo~] Tuea Re by Theorem III.1. However, [ ,es R, is realcompact and
[ Teca R, less any one point is not. Thus not even one point sets are negligible in
this case.

We now want to make a few observations about the proof of Theorem III.2 and
point out that with only slight modification one can establish a number of other
function space results. In the next section some additional function spaces will be
dealt with and similar results obtained.

II1.6. THEOREM. Suppose that X admits a nontrivial flow and that E(X, Y) is the
space of all imbeddings of X into the metric space Y. Then E(X, Y)~E(X, Y)x I,

Proof. We could define E, (X, Y) in a manner analogous to our definition of
G.an(X). We could then define maps J: E(X, Y) — E_.(X, Y) and K: E(X, Y)
— FH(X) in a manner similar to the corresponding maps in the proof of Theorem
II1.2. With these modifications the proof would be essentially the same.

Note that if e € E(X, Y), then the image of e is open (closed) in Y if and only if
the image of J(e) is open (closed). Let us define E, (X, Y) to be the closed im-
beddings of X and E,(X, Y) the open ones. The above remark implies that
T[J[E.(X, Y)]x FH(X)]=E, and T[J[E.(X, Y)Ix FH(X)]=E (X, Y).

II1.7. THEOREM. If X admits a nontrivial flow and Y is metric, then E4(X, Y)
~Ey(X, Y)x Iy and E,,(X, Y)~E (X, Y)x .

To observe the next few theorems we need to observe our construction of the set
F[Z]in X in the proof of Theorem III.2. If x, has a nondegenerate orbit under the
flow F, then our construction of the set F[Z] could have been required to be within
any preassigned neighborhood of x,. Using this fact one can easily verify the
following results.
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II1.8. THEOREM. Let A be a closed subset of X and B any subset of X. Suppose
that X admits a nontrivial flow. Let G4 5(X)={f€ G(X) : f(A)<B}. Then G, 5(X)
NGA’B(X) X 12.

I11.9. THEOREM. Suppose that X admits a nontrivial flow and that A is closed in X
and B is any subset of Y, a metric space. Then if E((X, A), (Y, B)) is the function
space of all imbeddings of the pair (X, A) into the pair (Y, B), then E((X, A), (Y, B))
~E((X, A), (Y, B))xl,.

I11.10. THEOREM. Suppose that X admits a nontrivial flow. Let A be a closed
subset of X such that not all nondegenerate orbits of the flow are contained in A.
Then let G,(X)={f€ G(X) : f|A is the identity}. Then G,(X)~ G4(X) xI.

IT1.11. THEOREM. Suppose that X admits a nontrivial flow. Let A be closed in X
such that not all nondegenerate orbits of the flow are in A. Then let f+ X — Y be a
given imbedding of X into Y, Y a metric space. Then let

E (X, Y)={geE(X,Y):g|ld =fl4}.
Then EI,A(X, Y)NE,‘,A(X, Y)Xlz.

We close this section with a similar theorem, but one which requires different
techniques. As in [1] we let the Hilbert cube be the product [ ]2, [0, 1};=7> and
the pseudoboundary of I® be the set of points x € I® such that, for some coordinate
i, x,=0 or x;=1. The pseudoboundary of I is dense in I® and s-compact.

I11.12. THEOREM. If X is the Hilbert cube and Gp(X) is the space of homeo-
morphisms taking the pseudoboundary of X onto the pseudoboundary of X, then
GP(X)~GP(X)XI2.

Proof. Let R, be the two point compactification of the real numbers R. Denote
the two added points by oo and —oo. Of course, R,~[0, 1] and Ry ~I®. Consider
R? as the space X and the pseudoboundary of X as the set of points (x;) € R} such
that, for some j, x;=c0 or x;= —oo. For each x € R there is a homeomorphism
associated with x on R, defined by f,(y)=x+y for ye Rand f,(y)=y if y=c0 or
y=—o0. The map A: Rx R, — R, defined by A(x, y)=f(») is a flow on R,. Let
A®: R® x R® — R? be defined by 4*((x;), (¥))=(z;) where z;=f, (). Then 4®
is a topological group action of R® on Ry. Suppose now that f€ Gp(X). Then
let J(f)=(x;) e R® where x; is the ith coordinate of f((0, 0,...)). Note that
J(f) € R™ since f€ Gp(X). Now with each (x;) € R, there is a homeomorphism
of Ry associated with it under 4%, namely, Q((x))((y:))=A4*((x), (;)). Of course
0((x))) € Gp(X) for all (x;)e R*. Now let K(f)e Gp(X) be defined by K(f)
=Q(=J(f)) of. Then if Gpo(X)={fe Gp(X) : f((0,0,...))=(0,0,...)}, then
K(f) € Gp o(X). Define P: Gp(X) — R x Gp o(X) by P(f)=(J(f), K(f)). Then it
is routine, if tedious, to verify that P is a homeomorphism. The inverse of P is just
P~Y((x,), h)= Q((x;)) o h. Now by [3], R®~I,. Therefore Gp(X)~Gp(X)xI, and
the theorem is proved.
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II1.13. COROLLARY. Let X be the Hilbert cube. Then o-compact subsets of Gp(X)
are negligible.

4. Other function spaces. In this section we use the same techniques as in the
proof of Theorem III.2 to obtain results about other function spaces having
Hilbert space as a factor. We will assume throughout this section that X and Y are
metric spaces. Let g: X — Y be continuous. We will say that g is totally arcwise
disconnected if for all y € Y, g~1(y) contains no nontrivial arcs. An example of such
a map would be a light map, that is, a g such that g=1(y) is totally disconnected
for all y € Y. Actually, g could have continuum point inverses and still be totally
arcwise disconnected, for instance if all the point inverses of g were pseudoarcs.
What is important in this section is the application of our results to light open
mappings. Let TAD (X, Y) denote the totally arcwise disconnected maps from X
to Y.

IV.1. THEOREM. Suppose that X admits a nontrivial flow. Then TAD (X, Y)
~TAD (X, Y) x L.

Proof. Let F be a flow on X and let x, be a point having a nondegenerate orbit
under F. Recall the construction of the flow F’ in the proof of Theorem III.2.
As in that proof call the new flow F since we will not need our original flow again.
Recall our construction of the local cross-section N through x, and of the set
Z<[—1,1]x N. Recall that Q=inty F[[—1,1]x N]n N. Now for each x€ Q
let g.:[0, 11— [—f(x), f(x)] x{x} be linear with g,(0)=(—f(x),x) and g.(1)
=(f(x), x). Now if ge TAD (X, Y), then the map go Fog,: [0, 1]— Y has the
property that it is constant on no interval for all x € Q. Thatis, g o Fo g, € D(I, Y).
Now define the maps J: TAD (X, Y) —TAD (X, Y)and K: TAD (X, Y) — FH(X)
by the conditions that K(g)| X —inty F[Z] is the identity and for x € Q, K(g) on
the fiber through x is defined by the condition that g;lo F~10 K(g)o Fog,
=r(go Fog,) where r is as in §2 of the paper. Now K(g) can be shown to be a
fiber homeomorphism and K: TAD (X, Y) — FH(X) can be shown to be con-
tinuous. One uses the results in §2 and the techniques used in the proof of Theorem
II1.2 to show this. Now define J(g) as J(g)|X —inty F[Z]=g and for x € Q, J(g)
is defined on the fiber through x by J(g)o Fog,=y(go Fog,). Then let
TAD,..(X, Y) be the image of TAD (X, Y) under J. Then J is continuous and the
map P: TAD (X, Y) — TAD,.,(X, Y)x FH(X) defined by P(g)=(J(g), K(g)) is
a homeomorphism. The details are similar to the proof of Theorem III.1. Since
FH(X)~ FH(X)x I, we then have that TAD (X, Y)~TAD (X, Y) x [, as asserted.

What is useful is that the map P in the proof of Theorem IV.1 induces factoriza-
tions of other subspaces of TAD (X, Y) as well. Actually, if X=Y, then G(X)
<TAD (X, Y) and the P in the proof of Theorem IV.1 restricted to G(X) is the P
in the proof of Theorem III.2. Let us denote the light mappings from X to Y by
L (X, Y). Let the light open and the light closed maps be denoted by LO (X, Y)
and LCI (X, Y), respectively.
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IV.2. THEOREM. Suppose that X admits a nontrivial flow. Then the following holds
L(X, Y)~L(X, Y)xl, LO(X, Y)~LO (X, Y)x Iy, and LCl1 (X, Y)~LCI(X, Y)

x I,.

IV.3. COROLLARY. Suppose that X admits a nontrivial flow and that X is separable
and locally compact and that Y is separable. Then o-compact subsets of each of the
following function spaces are negligible: TAD (X, Y), L(X, Y), LO(X, Y), and
LCI(X, Y).

IV.4. COROLLARY. Let X be a manifold and Y be arbitrary. Then L (X, Y)
~L (X, Y)xl, LO(X, Y)~LO (X, Y)x/;, and LCI (X, Y)~LCI(X, Y)x !, and
each of these function spaces has the property that o-compact subsets are negligible
whenever X and Y are both separable.

IV.5. REMARK. There are any number of other function spaces F(X, Y) for
which our techniques apply to give F(X, Y)~ F(X, Y)x/,. For instance F(X, Y)
could be the finite to one open mappings, the finite to one closed mappings, the
countable to one mappings, the monotone mappings with hereditarily indecom-
posable point inverses, etc. Our list could be long.

5. Spaces which admit a flow. Here we will investigate a few of the spaces X for
which the theorems of §3 and §4 apply. Basically we show various ways that flows
may be induced on a space. Let #Z be the class of metric spaces which admit a
nontrivial flow. Suppose that X € & and that Y is a metric space. Then Xx Y e #
also. Thus G(X x Y)~G(X x Y)x I, by Theorem III.2.

V.1. THEOREM. If X contains an open set V with V € &, then X € &.

Proof. Let x € V have a nontrivial orbit under the flow F on V. Let x € U with
U open such that U< V and such that for all y € U, the orbit of y under F is non-
degenerate. Then there is a flow F’ on V having as its set of fixed points the set
V— U and such that for each y € U, the orbit of y under F’ is nondegenerate. The
flow F’ can be extended to all of X by defining F'(¢, x)=x for all x ¢ V. Then F’
will be a nontrivial flow on X.

V.2. COROLLARY. If X contains a subset Y with nonempty interior such that Y is
homeomorphic to R™ or I, or I®, then X € #.

V.3. COROLLARY. If X contains an open set V such that V is homeomorphic to the
cone of V—V, then X € &.

Proof. The cone of any space admits a nontrivial flow.
This implies that all spaces admitting a cone patch are in # and that Theorem
I11.2 is a proper generalization of the results in [15, §2].

V.4. THEOREM. If X is a topological group which admits a nontrivial one parameter
subgroup, then X € 4.
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Proof. Let f: R— X be a nontrivial one parameter subgroup. Define
F: Rx X — X by F(t, x)=f(t)-x. Then F is a nontrivial flow.

V.5. COrROLLARY. If X is a locally compact topological group which is not totally
disconnected, then X € 4.

Proof. This is well known. See for instance [26, p. 175, and Theorem 1, p. 192].

V.6. ExAMPLE. An application of Corollary V.5 is that if X is a solenoid, then
G(X)~G(X) x I,. Another example is the infinite torus. Now if we have any locally
compact topological group X, we have that G(X)~ X x P where

P={feG(X): fle) = ¢

where e is the identity of the group X and X={L, : x € X} where L, € G(X) is
the homeomorphism L,(y)=x-y for all y e X. The homeomorphism between
G(X) and XxP is just H: G(X) — X x P defined by H(f)=(Lye., L °f). The
inverse of H is just composition. This implies that for X a solenoid and not the
circle or for X the infinite torus, G(X) is not a separable Fréchet manifold. Actually
in each of these cases G(X) has 2% arc components.

V.7. THEOREM. If X € B and €(X)={K € X : K is compact} where €(X) has the
finite topology, then €(X) € #.

Proof. The finite topology is defined in [24, Definition 1.7]. We have that €(X)
is metrizable by [24]. Let F be a nontrivial flow on X. Then define

F: Rx%(X)—€(X)

by F((t, K))=F[{t} x K]. One can easily verify that F'is a nontrivial flow on €(X).

V.8. REMARK. Notice that F induces a nontrivial flow on various subspaces of
%(X) as well, for instance on Z,(X), the subsets of X having at most n points,
F(X), the finite subsets of X, and the continuum subsets. Let & be a topological
property and let Z(X)={K € €(X) : K has #}. Then F is a flow on Z(X) as well,
but perhaps trivial. The set (X ) could be the countable and compact sets, the arcs,
the pseudoarcs, etc. The list could be long.

V.9. ExampLE. If I is the unit interval then G(2')~G(2')x ;. This is another
property which 2/ has in common with I®. A long outstanding problem has been
whether 2! is homeomorphic to 7.

V.10. EXAMPLE. Suppose that X admits a nontrivial flow F. Let

F: Rx6(X) — €(X).

Let L € €(X) be a compact subset of X which is not a singleton and which has a
nondegenerate orbit under F. Let K#L in €(X) be on the orbit of L under Fin
%(X). Clearly, if A(L, K) is an arc joining L and K lying in the orbit of L under F,
then A(L, K) does not intersect the set of singletons {{x} : x € X} which is closed in
#(X). Let ¥~ be open in €(X) such that ¥~ contains A(L, K) and for every Ce ¥,
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the orbit of C under F is nondegenerate. Then there is a flow £ on €(X) such that
the set of fixed points of £ is just #(X)—¥". In the construction of F’, the orbit of
L under F’ will still contain K. Thus there will be a ¢ € R such that F'(¢, L)=K. Let
g be the homeomorphism on %(X) defined by g(C)=F"(t, C). Then g(L)=K and
for every x € X, g({x})={x}. That is, using flows we have a way of constructing
homeomorphisms on €(X) which are not the identity, but which are the identity
on the set of singletons. This technique also works for various subspaces of €(X)
as well.

6. Some G(X) which are separable Fréchet manifolds. A separable Fréchet
manifold is a separable metric space which is locally homeomorphic to /,. What we
show in this section is that if X is the familiar sin (1/x)-curve, then G(X) is a
separable Fréchet manifold. We also show that for X the circle 1/x-curve, to be
defined later, G(X) is homeomorphic to /,.

There are a few lemmas which we will need in the subsequent proofs which we
first state and prove.

VI.1. THEOREM. Any two separable infinite-dimensional Banach spaces are
homeomorphic.

This theorem is due to Kade¢ (see [19] and [20]).

VI1.2. LEMMA. Let X be compact metric and B be a separable infinite-dimensional
Banach space. Then C(X, B) is a separable infinite-dimensional Banach space and
thus homeomorphic to B. If x€ X and C/X, B)={fe C(X, B) : f(x)=0}, then
C.(X, B) is also a separable infinite-dimensional Banach space and homeomorphic
to B.

Proof. Let | |z be the norm of B. Define the norm of C(X, B) to be |f||
=sup {||f(2)| 5 : z<€ X}. Let addition and scalar multiplication be defined pointwise
in C(X, B). Then C(X, B) becomes a separable infinite-dimensional Banach space
with this norm and these operations. Also C,(X, B) is a closed infinite-dimensional
subspace. By Theorem VI.1 both of these spaces are homeomorphic to B.

Now let x; — 0 be a sequence of real numbers with x; > x;,; for all i. Then let X
be the set of (x, y) in R? such that x=0and — 1<y =<1 or (x, y) lies on one of the
segments joining (xg_;, —1) to (xg, 1) or one of the segments joining (x, 1) to
(x9i—1, —1) for some i. Then X is homeomorphic to the sin (1/x)-curve. Now let
H(X)={he G(X) : h((xzi-1, —1))=(x2_1, —1) and h((xs;, 1))=(xz, 1) for all i}
and let Hy(X)={he H(X) : h|{0} x [—1, 1] is the identity}.

VI1.3. PROPOSITION. The spaces H(X) and Hy(X) are homeomorphic to I,.

Proof. Let P be the positive integers and let P*=P U {0} be the one point
compactification of P. Now let h € H(X) and i € P. Let f; be defined on the segment
joining (x;, —1)to (x; 1, 1) for i odd and on the segment joining (x;, 1) to (x; 43, —1)
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for i even and defined by fi((x, y))=y. Then let Ay=f, o ho f;~1. Then h, € Hy(I)
={the orientation preserving homeomorphisms of I=[—1, 1]}. Let f,, be defined
on {0}x[—1,1] by fo((0,y))=y. Then let h,=f,chofs'. Then again
he € Hy(I). Now let F: H(X) — C(P*, Hy(I)) be defined by F(h)(i)=h; and
F(h)(0)=h,. Then F is a homeomorphism of H(X) onto C(P*, Hy(I)) and F
takes Ho(X) onto C.(P*, Hy(I)). By Theorem III.1 we have that Hy(I)~/,.
Therefore H(X) and Hy(X) are homeomorphic to /, by Lemma VI.2.

VI.4. DEFINITION. Let X be the set of points in Rx R?=R® which are the
closure of the points {(x,exp (i/x)) : 0<x=1/2x}. Let x,€ X be the point
(1/2nm, 1, 0)=(1/2nn, exp (2nmi)). Let H(X) be the homeomorphisms /4 of X such
that A(x,)=x, for all n. Let Hy(X) be the subgroup of H(X) such that A[{0} x S*
is the identity. We will call the space X the circle 1/x-curve.

VL.5. PROPOSITION. Let X be the circle 1/x-curve. Then H(X) and Hy(X) are
homeomorphic to I,.

Proof. We first note that if H,(S!) is the group of orientation preserving homeo-
morphisms A of the unit circle such that A(1)=1, then Hy(S*)~/; by Theorem III.1.
Now let i€ P and let S} be the points in X whose first coordinate lies between
1/2(i+ 1) and 1/2im. Let f;: St — S* be defined by fi((x, y))=y for (x, y) € St.
Then for h € H(X) let h; be defined by h;=f; o ho f;~1. Then h; is well defined and
h; € Hy(S?). Let f,:{0}xS*— S! be defined by f,((0,y))=y. Then let h,
=foohofi"l. Then h, € Hy(S') also. Define F: H(X) — C(P*, Hy(S*')) by
F(h)(i)=h; and F(h)(0)=h,. Then F is a homeomorphism onto and F takes
Hy(X) onto C,,(P*, Hy(S?')). Therefore H(X) and Hy(X) are homeomorphic to /,
by Lemma VI.2.

The next lemma is a routine result in function space topology which we will not
prove. We simply want to isolate it for reference.

VI.6. LEMMA. Suppose that X and Y are compact metric spaces and that { f}} is a
sequence of continuous functions from X into Y. Let fe C(X, Y). Then {f;} does not
converge uniformly to fif and only if there is a sequence x; — x in X and a subsequence

{£i,} of {fi} such that f,(x;) — y #f(x).

If the sine function is restricted to the interval [7/2+ kn, #/2+ (k + 1)m] where k
is an integer, then it is one-to-one and continuous onto [— 1, 1]. Therefore it has an
inverse, the arcsine function. We will identify this branch of the arcsine function
as the k-branch. We will be mainly interested in the 0-branch mapping [—1, 1]
onto [#/2, 3w/2] and the 1-branch mapping [— 1, 1] onto [3/2, 57/2]. Now suppose
that x, y € [n/2+km, #[2+(k+1)7] and z, w € [7/2+mm, #[2+(m+1)7]. Then if
sinx=sinz and siny=sinw, then for any 0=¢=21, sin(tx+(1-1)y)
=sin (tz+(1—¢)w). This implies that for any k-branch of the arcsine, if a, b
e€[—1,1], then sin (¢(arcsin a)+ (1 —¢)(arcsin b)) is independent of k for all
te|o, 1].
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VL.7. LemMA. For alla,be[—1,1] and all t € [0, 1],
sin (¢(arcsin a)+ (1 —t)(arcsin b))
is independent of the choice of k-branch for the arcsine function.
We are now prepared to state the first main theorem in this section.

VI1.8. THEOREM. Let X be the sin (1/x)-curve. Then G(X) is homeomorphic to
Iy x N where N is the integers.

Proof. Let R* ={x e R : x=0}. We will describe X as a compactification of R*.
Basically X will be the minimum compactification of R* allowing an extension of
the sine function. We will think of X as R* together with the added points
A={a : «e[—1,1]}. For a« € [—1, 1], a neighborhood basis for & is the collection
of all sets of the form

O(r,e,e) ={xeR*:x>rand [sinx—a| < e U{fed: |B—a| <e¢}

where r € R* and ¢>0. Let us observe at this point that if fe G(X), then f[R*]
=R* and f[4]=A. Now define h: G(X) — N by

=L e 3)- (3

Claim 1. The function 4 is well defined and a topological group homomorphism
onto the integers.

Proof of Claim 1. Since fis a homeomorphism of X, f(I)=1 or f(I)= —1. Let
y=f(1). Now since 2km+=/2—1 in X, we must have that f(2kw+m/2) — 7.
Therefore there is an integer K such that for k= K, f(2km+n/2) € O(1, %, y). Then
for k2K we have that fQ2kw+=/2) € (wn+m[2—u/3, 7n,+=/2+=[3) for some
integer n,. We claim that for some L= K it is true that for all k=L, ny ., =n,+2.
If this were not so, one could construct a sequence x; € R* such that x; — oo,
[sin x;— 1| = &>0 with sin f(x;)=7y for all i. This would contradict the continuity
of f~* on X. Now since f(2kn+=/2) — 7 we get that for k=L, f(2km+m/[2)
=mmw+m[2+¢, where ¢, — 0 as k — co. Thus for k=L,

(1/m)[fRkn+m[2)— km+7[2)] = ny+2k+ e /m = ny—2L+ ¢, /.

Therefore A(f)=n,—2L and this is an integer.

Suppose now that f; — f, in G(X) and that h(f))=n, for all i. Let fo(1)=% where
y=1 or y=—1. Let K be an integer such that for all integers k= K, fy,(2kw+=/2)
€ (mn+ /2 —m/3, 7n,+7/2+7[3) with n,,,=n,+2. We claim that there is an
integer P such that for all i= P, f,(2kw+n/2) € (wn,+=/2—7[3, 7n;+m/2 +=/3) for
all k=L for some integer L= K. If not, then there is a subsequence {f;} and a
sequence {k;} such that f; (2k;m +=/2) — — which would contradict Lemma VL4.
But then for all i P it is clear that h(f)=n,—2L=h(f,). Thus A is continuous.
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To show that A is a homomorphism of the group G(X) into the integers N we
note that we could have defined 4 in the following equivalent manner:

h(f) = },ggn; [f (<k+€k>"+§) ‘(""*15)]

where ¢, — 0 as k — co0. For any sequence ¢, — 0, the limit will be the same. Now
suppose that A(f)=n, and h(g)=n,. Then f(km+n/2)=(k+n;+e)m+m/2 where
e — 0. Thus g o flkw+7/2)=g((k + n;+ &, )m +n[2) =(k + n;+ ny)ym + 8, where 6, —0
as k — oo. Thus

1.
;15111; [g Of(kﬂ-l"g)—(kﬂ-l-g)] = ng+n;.

That is, h(g o f)=h(g)+h(f).
To show that A is onto let n>0 be an integer. We define f,: X — X by the
following formula for x € R*:

fax) = x(n+1), 0=x=m

= X+ nm, X Zm

Then for Be[—1,1] define f,(f)=B for n even and for n odd let f,(B)
=sin ((37/2 —arcsin B) +/2) where we use the 0-branch of the arcsine function.
Then using Lemma V1.7 one can show that £, is continuous from X onto X for n
odd. It is easier to see that f, is continuous for n even. Clearly f, is one-to-one and
thus a homeomorphism of X onto X. Now A(f,)=n and A(f~')= —n and thus A is
onto.

Claim 2. The subgroup ker & of G(X) is contractible.

Proof of Claim 2. By the definition of 4,

ker h = {fe G(X) : lim [f(2kw+g)—(2krr+g)] - 0}-
k— o0

Let t € [0, 1] and fe ker A. Then define H(t, f)(x)=tx+(1—1t)f(x) for x e R* and
for ae[—1,1] with B=f(a) let H(t, f)(&)=sin (¢ arcsin «+(1—1¢) arcsin B) for
some choice of k-branch for the arcsine function. Then by Lemma VL7, H(t, f) is
well defined. Now H(t, f) is clearly one-to-one and onto. Using Lemma V1.7 one can
verify that H(t,f) : X — X is also continuous. Therefore H(¢, f) € G(X). We will
now show that H: [0, 1] x ker » — ker A is continuous. We will then have proved
that ker A is contractible. Suppose that H is not continuous. Then there is a sequence
t,—t, and fi—f, such that H(t, f;) - H(t,, f;). By Lemma VL6, there is a
sequence x; — xo in H(t, f,)(x;) — y# H(to, fo)(x,). Let us resubscript so that
H(t,, £;)(x;) — y. It should be clear that we can take x; € R* for all i and x,=d € 4.

Case (i). a=1 or a= —1.

We will treat the case @=1. The case ¢= —1 is similar. Since f; — f, uniformly
we must have fj(x;) — 1 by Lemma VL6. Since each f; € ker A, this implies that
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i —fi(x;)| = 0. But then |x;—(:x;+(1—1,)fi(x;))| — 0 also. That is,
|x.— H(t,, f)(x)| =0 and H(t, f)(x) > 1,

a contradiction. Therefore ¢# 1. Also a# —1.

Case (ii). ae(—1,1).

Then let x;=z;+2k;w where 7/2=z,<57/2. Also let f(x;)=y;+2pm where
w2 < y; < 57/2 and let fi(x;)=w;+ 2q;w where 7/2<w; < 5n/2. There is an integer P
such that for /> P we have that x;, y;,, and w; are in the open interval (=/2, 57/2).
By the continuity of 4 we have that |w;,—y;| — 0 and from some point on p;=k;
=gq;. We will assume that this is true for i= P. We may also assume that for i= P
that z;, y;, w; # 37/2. If (&) =P, then sin z; — «, sin y; — B and also sin w; — 8. We
now use Lemma VL.7. Now H(t;, f)(x;)=t;x;+(1 —t,)fi(x;) and

lim H(t, f)(x) = lim sin (0 + (1= £)/(x))
= llm Sin (tizi+(1 —ti)wi) = Ilm Sin (tizi-l-(l _tl)y,)
add i— 00
= sin (¢, arcsin a+ (1 —#,) arcsin B) = H (o, fo)(&),

again a contradiction. Therefore H is continuous and ker 4 is contractible.

Claim 3. The space ker h is a separable Fréchet manifold.

Proof of Claim 3. Since ker 4 is a topological group we only need to show that
there is one open set in ker ~ homeomorphic to /,. Let

0= {fe ker h :f(kw+7—27) € (km, (k+1),,)}.

Now O is open in G(X) and we will proceed to show that O~/,. For each
k=0,1,2,... let f.: [km, (k+1)m] — [0, 1] be a linear map with f (km)=0 and
Si((k+1)m)=1. Then define A(r, x)=x°**® for all re R and all x € [0, 1]. Then
A: Rx[0,1]— [0, 1] is a topological group action of the additive reals on [0, 1],
that is, a flow. The associated map A: R — G([0, 1]) is an imbedding. Also for a
fixed € (0, 1), the map r — t***® is a homeomorphism of R onto (0, 1). Now
let co={(r;) : r; € R for all i and r; — 0}. We give ¢, the supremum norm. Then ¢,
is a separable infinite-dimensional Banach space and hence homeomorphic to /.
For each (r,) € ¢, define the function L((r;)) on X by L((r))(x) =f" (A(ry, fi(x))) for
x € [km, (k+1)7] and L((r;))(&)=a for «e[—1,1]. Then one can show that
L: ¢y — G(X) is an imbedding of ¢, into G(X) as a topological group. The details
are fairly routine and will be omitted. Note that L[c,]< O.

Now suppose that f€ O. Then let F(f)=(r;) where r, is defined by f,.(f(km+=/2))
=(1/2)°**"», Then one can show that F: O — ¢, is continuous. Also Fo L: ¢y — ¢
is the identity map. Now let fe O and associate with f the map Q(f)
=(Lo F(f))"!of. Then Q(f) € G(X) and Q(f) leaves the points k= +/2 fixed for
all k=0, 1,2,.... The map Q is a continuous retraction of O onto the set of all
functions which leave the points {kn+7/2:k=0,1,2,...} fixed. Now let
P: O — ¢y x Q[O] be defined by P(f)=(F(f), Q(f)). Then P is a homeomorphism.
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The inverse of P is just the map P ~((x;),f)=L((x;)) o f. By Proposition VL3,
Q[0] is homeomorphic to /,. Thus O is homeomorphic to /; x I,. Thus O is homeo-
morphic to /.

Claim 4. The space ker 4 is homeomorphic to /.

Proof of Claim 4. We simply use Claim 2 and Claim 3 and the result of Hender-
son in [17]. Any contractible separable Fréchet manifold is homeomorphic to /,
and ker 4 is a contractible separable Fréchet manifold.

Now clearly G(X)~ker Ax N and thus G(X)~I,x N by Claim 4. The proof of
Theorem VI.8 is now complete.

V1.9. THEOREM. Let X be the sin (1/x)-curve and let Go(X) be the group of
homeomorphisms of X which are the identity on the limit arc. Then Go(X)~1I,x N.

Proof. The topological group homomorphism 4: G(X)— N defined in the
proof of Theorem VI.8 has the property that h,=h|Go(X) is onto the even integers.
The contraction H of ker & described in the proof of Claim 2 in the proof of
Theorem VI.8 has the property that it also contracts ker 4. Now in Claim 3 in the
proof of Theorem VLS8, if we let

0o = 0 N Go(X) = {feker hy : flkm+m/2) € (km, (k+ L))},

then Oy~cox Q[O,] as there. Now appealing to Proposition VI.3 we get that
Q[O,] is homeomorphic to /. Thus Oy~I, and ker h, is a separable Fréchet
manifold. Thus ker Ay~ by [17]. Thus Go(X)~1, x N.

VI.10. THEOREM. The group of homeomorphisms of the circle 1/x-curve is homeo-
morphic to .

Proof. We will use the following model of the circle 1/x-curve for this proof.
Let X=R*US! where R*={xeR:x20} and S'={zeR?:|z|=1}. We
consider R* and S! as disjoint and topologized in the following manner. For
x € R* a neighborhood basis for x in X is any neighborhood basis for x in R*.
Now for x € §%, x will have as a neighborhood basis neighborhoods of the form
O(r,e, x)={y€R* : y>r and |exp(iy)—x|<e}U{zeS!: |z—x|<e} where
re R* and > 0. In terms of sequences, if x, € R* and z € S?, then x, — z in X if
and only if x, — oo and exp (ix,) — z.

Now let #: R — R be a function. We will say that A is semiperiodic if h(x + 2mr)
=h(x)+2x for all x € R. We now let fe G(X) and define F: Rx G(X) — R by

F(r,f) = (lim [f(r+2k1r)—(r+2k7r)])+r.
Claim 1. The map F is continuous and for a fixed fe G(X), F(r, f) is a semi-

periodic homeomorphism of R onto R. For a fixed r € R, F(r, f) is a topological
group homomorphism of G(X) onto R. Also for a fixed fe G(X),

lim |F(, )~f)] = 0.
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Claim 2. If h is a semiperiodic homeomorphism of R onto R, then for any
t € [0, 1], fi(x)=tx+ (1 —1)h(x) is also a semiperiodic homeomorphism of R onto R.

Claim 3. The space G(X) is contractible.

Proof of Claim 3. Let fe G(X), t€[0, 1], and re R*. Then define H(, f)(r)
=tr+(1—1)f(r). For ze S, let exp(ix)=z for xe R and define H(t,f)(z)
=exp (i(tx+(1—1)F(x,f))). Then H(t,f)eG(X) and is well defined and
H: [0, 1]x G(X) — G(X) is a contraction of G(X) to e.

Claim 4. The space G(X) is a separable Fréchet manifold.

Proof of Claim 4. Let O={f€e G(X) : f(2km) € 2kn—=, 2kn+m)fork=1,2,...
and f(1)# —1 in S'}. Then O is open in G(X). We will show that O~/,. Let
S [2km—m, 2km+7] — [0, 1] be linear for k=1, 2,... with f,(2km—=)=0 and
fQkm+7)=1. Let A: Rx[0, 1]— [0, 1] be defined by A(r, t)=1°**®, Then A is a
flow on [0, 1]. Now let ¢={(x,) : x; € R for all i and x; — x, for some x, € R}.
If we give ¢ the supremum norm, then ¢ becomes a Banach space which is separable
and infinite dimensional. Now let (x;) € ¢ and suppose that x; — x,. We define
L:c— G(X) by L((x;))=f where f(x)=x for x € [0, 7] and f(x)=f" *A(xy, fi(x))
for x € [2km—m, 2km+=), some k=1, 2,.... Now for z€ S* we define f(z) in the
following manner. If z= — 1, then f(z) =z. If z# — 1, then suppose that exp (iy)=z
where 7 <y < 3w and define

f(z) = exp (if (A(xo, /(1))

Then using the fact that x;, — x, one can verify that f'is a homeomorphism of X
onto X. The map L: ¢ — G(X) is a topological group imbedding. Also L[c]<O.
Now let f€ O and define the map F: O — ¢ by F(f)=(x;) where

S@hkm) = fi7 (A(xi, fi(2km))).

Then (x;) € ¢ since x; — x,, where

(1) = exp (ify” *(A(xo, f1(2))))-

Now the map F:0 —c¢ is continuous. Now define Q:0— 0 by Q(f)
=L o F(f)~! o f. Then Q is continuous and Q[O] is the set of all f€ G(X) such that
f(1)=1in S*and f(2kw)=2kn for k=0, 1, 2, .. .. Now by Proposition V1.5 we have
that Q[O]~,. Define P: O — ¢ x Q[0] by P(f)=(F(f), Q(f)). Then P is a homeo-
morphism. Now ¢~1/, and Q[O]~/, and thus O~/,. Since G(X) is a topological
group we have shown that G(X) is a separable Fréchet manifold and the proof of
Claim 4 is complete.

Now we have that G(X) is a contractible separable Fréchet manifold. Therefore
G(X)~ 1, by [17]. The proof of Theorem VI.10 is now complete.

VI.11. THEOREM. Let X be the circle 1/x-curve. Let Go(X) be the group of
homeomorphisms of X which are the identity on the limit circle. Then Go(X)~ Iy % N.

Proof. We define h: Go(X) — N by A(f)=(1/2n) lim,_, ,, [f(2k7)—2k=]. Then h
is a topological group homomorphism and is onto the integers N. Now ker 4 is
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contractible by the contraction described in Claim 3 in the proof of Theorem VI.10.
Now letting Oy=0 N Go(X) we have that if L is as in the proof of Claim 4 in the
proof of Theorem VI.10, L: ¢ — O, then L[co]=L[c] N O,. Also F: O — ¢ has the
property that F[O,]=c,. Now Q|O, takes O, into O,. Defining P: Oy — ¢, x Q[O,]
as P|O,, then P is a homeomorphism. Now ¢, is a Banach space and Q[O,]~/; by
Proposition VI.5. Thus Oy~ I, and thus ker 4 is a separable Fréchet manifold. This
implies that ker A~/ and that Go(X)~/;x N.

It should be clear that our techniques could analyze the topological structure
of many other G(X) where X is compact or locally compact and has a dense open
subspace homeomorphic to either R* or R. For many spaces of this type G(X) can
be analyzed by simply applying the theorems in this section. For others one would
have to repeat some of the techniques in order to make the analysis.
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